We present a computational scheme, GRIP ͑geometric random inner products͒, for testing the quality of random number generators. The GRIP formalism utilizes geometric probability techniques to calculate the average scalar products of random vectors distributed in geometric objects, such as circles and spheres. We show that these average scalar products define a family of geometric constants which can be used to evaluate the quality of random number generators. We explicitly apply the GRIP tests to several random number generators frequently used in Monte Carlo simulations, and demonstrate a statistical property for good random number generators.
I. INTRODUCTION
Monte Carlo methods are among the most widely used numerical algorithms in computational science and engineering ͓1͔. The key element in a Monte Carlo calculation is the generation of random numbers. Although a truly random number sequence produced by either a physical process such as nuclear decay, an electronic device etc., or by a computer algorithm, may not actually exist, a new and computationally easy-to-implement scheme to investigate random number generators is always highly desirable.
There have been many proposed schemes for the quality measure of random number generators ͓2-12͔. These computational tests are based either on probability theory and statistical methods ͑for example, the 2 test, the SmirnovKolmogorov test, the correlation test, the spectral test, and the DieHard battery of randomness tests͒, or on mathematical modeling and simulation for physical systems ͑for example: random walks and Ising model simulations͒. These methods also open the door to studying the properties of random number sequences such as randomness and complexity ͓13͔. Some important attempts at an operational definition of randomness were previously developed by Kolmogorov and Chaitin ͑algorithmic informational theory͒ ͓14 -17͔ and by Pincus ͑approximate entropy͒ ͓18͔.
In this paper, we study a method to measure n-dimensional randomness which we denote by GRIP ͑geo-metric random inner products͒. One of our main purposes in formulating the GRIP tests is to allow the characterization of geometric correlations which may cause unexpected errors in Monte Carlo simulations. The GRIP family of tests is based on the observation that the average scalar products of random vectors produced in geometric objects ͑e.g., circles and spheres͒, define geometric constants which can be used to evaluate the quality of random number generators. After presenting an example of a GRIP test, we exhibit a computational method for implementing GRIP, which is then used to analyze a number of random number generators. We then discuss the GRIP formalism in detail and show how a random number sequence, when converted to random points in a space defined by a geometric object, can produce a series of known geometric constants. Later we introduce additional members within the GRIP family. We then present results for configurations of four, six, and eight random points in an n ball. Finally, we conclude by discussing how the GRIP test quantifies random number generators by explicitly adding a new geometric property of truly random number sequences along with other known properties studied by previously proposed schemes ͓2-13͔.
II. GENERAL DESCRIPTION OF THE GRIP FORMALISM
The GRIP scheme is derived from the theory of random distance distribution for spherical objects, and can be generalized to other geometric objects with arbitrary densities ͓19,20͔. First, three random points (r ជ 1 , r ជ 2 , and r ជ 3 ) are independently produced from the sample space defined by a geometric object. We then evaluate the average inner product ͗r ជ 12 •r ជ 23 ͘ constructed from two associated random vectors, r ជ 12 ϭr ជ 2 Ϫr ជ 1 and r ជ 23 ϭr ជ 3 Ϫr ជ 2 . For a geometric object such as an n-ball of uniform density with a radius R, the analytical result is a geometric constant which can be expressed in terms of the dimensionality n of the space ͓19,20͔:
A simple derivation of Eq. ͑1͒ can be found in the Appendix. The following procedures are the numerical implementation of our testing programs. A random number generator is used to produce a series of random points r ជ 1 , r ជ 2 , and r ជ 3 ͑n coordinates in the range of ϪR and R for each point͒ such that these points are distributed in an n-dimensional spherical ball B of radius R, where
as predicted by Eq. ͑1͒.
III. RANDOM NUMBER GENERATORS
The following random number generators are used in the GRIP test.
͑1͒ LCG1-a 32-bit ͑multiplicative͒ linear congruential generator ͓2,3͔ using
where aϭ16 where pϭ31, qϭ3, and is the bitwise exclusive OR operator. ͑10͒ R250-a GFSR generator with pϭ250 and qϭ103. ͑11͒ R9689-a GFSR generator with pϭ9689 and q ϭ4187.
͑12͒ R44497-a GFSR generator with pϭ44 497 and q ϭ21 034.
͑13͒ R132049-a GFSR generator with pϭ132 049 and qϭ54 454.
͑14͒ PENTA31-a four-tap shift-register-sequence random-number generator ͓9-12,22,23͔ using
where pϭ31, q 1 ϭ23, q 2 ϭ11, q 3 ϭ9, and is the bitwise exclusive OR operator. ͑15͒ PENTA89-a four-tap shift-register-sequence random-number generator with pϭ89, q 1 ϭ69, q 2 ϭ40, and q 3 ϭ20.
͑16͒ Ziff31-a four-tap shift-register-sequence randomnumber generator with pϭ31, q 1 ϭ13, q 2 ϭ8, and q 3 ϭ3 ͓22,23͔.
͑17͒ Ziff89-a four-tap shift-register-sequence randomnumber generator with pϭ89, q 1 ϭ61, q 2 ϭ38, and q 3 ϭ33.
͑18͒ Ziff9689-a four-tap shift-register-sequence randomnumber generator with pϭ9689, q 1 ϭ471, q 2 ϭ314, and q 3 ϭ157.
͑19͒ durxor-a generator selected from the IBM ESSL ͑Engineering and Scientific Subroutine Library͒ ͓24͔.
͑20͒ durand-a generator selected from the IBM ESSL ͑Engineering and Scientific Subroutine Library͒ and the sequence period of durand is shorter than durxor ͓24͔.
͑21͒ ran -gen-one of the subroutines in IMSL libraries from Visual Numeric ͓25͔.
͑22͒ Random-a Fortran 90/95 standard intrinsic random number generator ͓26͔.
͑23͒ Weyl-a Weyl sequence generator ͓27,28͔,
where ͕x͖ is the fractional part of x, and ␣ is an irrational number such as &. ͑24͒ NWS-a nested Weyl sequence generator ͓27,28͔,
͑25͒ SNWS-a shuffled nested Weyl sequence generator ͓27,28͔,
x n ϭ͕s n ͕s n ␣͖͖,
͑11͒
where M is a large positive integer.
IV. OTHER MEMBERS OF THE GRIP FAMILY
For practical computational purposes, we may wish to transform a random number sequence from a uniform density distribution to one which is nonuniform. One of the most important nonuniform density distributions is the Gaussian ͑normal͒ distribution P(r) with mean zero and standard deviation ,
, and n is the space dimensionality. One can use either the Box-Muller transformation method to generate a random number sequence with a Gaussian density distribution, or use available subroutines from major computational scientific libraries such as IBM ESSL and IMSL ͓24,25͔. By applying the probability density function of the random distance distribution as discussed in Ref. ͓20͔ , one can add a new GRIP member to investigate the quality of a Gaussian random number generator, and this new GRIP test can be expressed as
A very common situation arises when one has to produce random points uniformly distributed on the surface of an n sphere of radius R. Some general computational techniques for doing this are summarized in Refs. ͓2,19͔. We can then use
to examine the quality of such transformed random number generators as discussed in Ref.
͓29͔.
Another application of the GRIP formalism is in stochastic geometry. We can design a test scheme for a configuration utilizing any number of random points ͓29͔, and these tests can be included in the GRIP family. Among the tests are the following.
͑1͒ Four uniform random points configuration for an n ball of radius R,
͗r ជ 13 •r ជ 24 ͘ n ϭ0.
͑17͒
͑2͒ 2m uniform random points configuration for an n ball of radius R,
where 2m (mϭ2,3,4, etc.͒ is a positive even number. A derivation of Eq. ͑15͒ can be found in the Appendix. Equations ͑16͒-͑18͒ can be derived in a similar manner.
V. RESULTS
We summarize the computational results using Eq. ͑3͒ when nϭ3 and 9 in Table I . The results obtained from Eq. ͑18͒ when mϭ2,3,4 and nϭ3 and 9 are presented in Tables  II, III , and IV. Note that in Tables I-IV , RNG denotes the specific random number generator defined in the text, ''Error'' is measured in terms of how many standard derivations ͓8-12͔ the result differs from the theoretical number in absolute value, and the check marks ͑ͱ͒ designate those RNG's where the errors are less than 3. We consider those RNG's whose errors are larger than 3 unacceptable, as they may contain subtle n-dimensional nonrandom patterns hidden in random number sequences produced by those RNG's. Hence caution should be exercised when these generators are put into use. We observe that NWS and Weyl ͑results not shown͒ perform poorly in nϭ3 and 9 on all GRIP tests, and hence these are not recommended for any serious Monte Carlo simulation. We also note from the nϭ9 results in Table II that these results are clearly biased to larger values ͑except R31 and NWS͒ compared to the expected value, and reveal much larger errors than the other cases. One interpretation may be that ͗(r ជ 12 •r ជ 23 )(r ជ 34 •r ជ 41 )͘ 9 is a more sensitive and dedicated computational test for investigating random number generators than other GRIP tests. For RNG's such as LCG1, F23209, R250, R44497, Ziff31, Ziff89, Ziff9689, and Random whose errors are less than 3 in all the GRIP tests, we quantify these RNG's as high quality, although additional tests for different geometric configurations in other dimensions should be further investigated.
Reference ͓29͔ contains additional results for random number generators based on modern algorithms such as the data encryption standard ͑DES͒ ͓2,3͔, and on turbulent electroconvection ͓30͔, along with the computed results from Eqs. ͑13͒ and ͑14͒, and results from other geometric objects such as an n cube.
VI. GRIP ANALYSIS
In the following, we analyze the relationship between GRIP and a random number sequence, and show how a good random number sequence, when converted to random points in a space defined by a geometric object, can produce a series of known n-dimensional geometric constants. A random number sequence generated from a random number generator can be written as a 1 a 2 a 3 a 4 a 5 a 6 a 7 a 8 a 9 a 10 ... , ͑19͒
where each number a 1 ,a 2 , . . . has been computed to 16 significant digits in the present work. When the sequence is converted to represent random points in a two-dimensional geometric object, the random numbers in Eq. ͑19͒ can then be grouped in pairs as ͑ a 1 a 2 ͒͑ a 3 a 4 ͒͑ a 5 a 6 ͒͑ a 7 a 8 ͒͑ a 9 a 10 ͒... , ͑20͒
where Cartesian coordinates are used. The first set of random points ͕r ជ 1 ,r ជ 2 ,r ជ 3 ͖ can thus be identified as r ជ 1 ϭ͑a 1 ,a 2 ͒, r ជ 2 ϭ͑a 3 ,a 4 ͒, r ជ 3 ϭ͑a 5 ,a 6 ͒. ͑21͒
GRIP then uses r ជ 1 , r ជ 2 , and r ជ 3 to evaluate the average scalar product, which can be computed by rewriting 
where N is a large positive integer. When the geometric object is a circle of radius R and uniform density, we expect ͗r ជ 12 •r ជ 23 ͘ϷϪ0.5R
2 as predicted by Eq. ͑1͒. The analysis for two-dimensional GRIP can be immediately generalized to the n-dimensional case. When the sequence in Eq. ͑19͒ is used to generate random points in an n-dimensional spherical object, we can regroup Eq. ͑19͒ as follows:
The average scalar product of r ជ 12 •r ជ 23 can then be expressed as
When the geometric object is an n ball with a radius Rϭ1 and a uniform density, we expect from Eq. ͑1͒ that the result of Eq. ͑24͒ should be a geometric constant, Ϫn/(nϩ2).
VII. CONCLUSIONS
We have presented a computational paradigm, GRIP, for evaluating the quality of random number generators in multiple ͑n-dimensional͒ levels. We then demonstrate that GRIP gives rise to a geometric property characterizing truly random number generators. We have shown how a random number sequence, when converted to random points in a space defined by a geometric object, can produce a series of known geometric constants. Several random number generators were selected to run our GRIP tests, and they are graded based on the 3 error criterion. Finally, we note that one implication of our work is that computational scientists should test the random number generators they use in their simulations, and verify that their random number generators pass as many of the proposed tests as possible. We derive the analytical result of Eq. ͑1͒ for a circle (n ϭ2) of radius R and uniform density. The same derivation can be applied to the case of n dimensions where nу3. We label three independent random points as 1, 2, and 3 in Fig.  1 
where rϵr 12 and we have utilized the fact that r ជ 12 , r ជ 23 , and r ជ 31 are three independent random vectors. The functions P n (r) in Eq. ͑A3͒, which can be found in Refs. ͓19,20,31-36͔, are the probability density functions for the random distance r between two random points in an n-dimensional spherical ball of radius R and uniform density. We consider next the analytical result in Eq. ͑15͒ for a circle (nϭ2) of radius R and uniform density. A similar derivation can lead to Eqs. ͑16͒, ͑17͒, and ͑18͒, as well as to the case of n dimensions where nу3. We begin by expressing four random points r ជ 1 , r ជ 2 , r ជ 3 , and r ជ 4 in Cartesian coordinates, where r ជ i ϭ(x i ,y i ). The expression in Eq. ͑15͒ can then be evaluated by writing A derivation of the general result using the probability density functions P n (r) in Eq. ͑A3͒ can be found in Ref.
͓29͔.
